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IRRATIONALITY OF VALUES OF ZETA-FUNCTION
W. Zudilin
1. Introduction. The irrationality of values of the zeta-function ζ(s) at odd
integers s ≥ 3 is one of the most attractive problems in number theory. Inspite of a
deceptive simplicity and more than two-hundred-year history of the problem, all done
in this direction can easily be counted. It was only 1978, when Ape´ry [A] obtained
the irrationality of ζ(3) by a presentation of “nice” rational approximations to this
number. During next years the phenomenon of Ape´ry’s sequence was recomprehended
more than once from positions of different analytic methods (see [N2] and the bibliog-
raphy cited there); new approaches gave rise to improve Ape´ry’s result quantitatively,
i.e., to get a “sharp” irrationality measure of ζ(3) (last stages in this direction are the
articles [H2], [RV]). Finally, in 2000 Rivoal [R1] constructed linear forms with rational
coefficients involving values of ζ(s) only at odd integers s > 1 and proved that there
exist infinitely many irrational numbers among ζ(3), ζ(5), ζ(7), . . . ; more precisely ,
for the dimension δ(a) of spaces spanned over Q by 1, ζ(3), ζ(5), . . . , ζ(a − 2), ζ(a),
where a is odd , there holds the estimate
δ(a) ≥ log a
1 + log 2
(
1 + o(1)
)
as a→∞.
2. Main results. In this note we generalize Rivoal’s construction [R1] and prove
the following results.
Theorem 1. Each of the following collections
{ζ(5), ζ(7), ζ(9), ζ(11), ζ(13), ζ(15), ζ(17), ζ(19), ζ(21)},
{ζ(7), ζ(9), . . . , ζ(35), ζ(37)}, {ζ(9), ζ(11), . . . , ζ(51), ζ(53)} (1)
contains at least one irrational number.1
Theorem 2. For each odd integer b ≥ 1 the collection
ζ(b+ 2), ζ(b+ 4), . . . , ζ(8b− 3), ζ(8b− 1)
contains at least one irrational number.
Theorem 3. There exist odd integers a1 ≤ 145 and a2 ≤ 1971 such that the
numbers 1, ζ(3), ζ(a1), ζ(a2) are linearly independent over Q.
Theorem 3 improves corresponding result from [R2], where the linear independence
of numbers 1, ζ(3), ζ(a) was established for some a ≤ 169.
2000 Mathematics Subject Classification. Primary 11J72; Secondary 33C60.
1After finishing this paper the author knew that Rivoal [R3] had independently obtained the claim
of Theorem 1 for the first collection in (1) by another generalization of his construction from [R1].
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Theorem 4. For each odd integer a ≥ 3 there holds the absolute estimate
δ(a) > 0.395 log a >
2
3
· log a
1 + log 2
. (2)
We stress that our proofs of Theorems 1–4 exploit calculations via the saddle point
method (Section 4) and ideologically leans on the works [N2], [He]. An improvelment
of arithmetic estimates (i.e., of denominators of numerical linear forms) in the spirit
of [H2], [RV] (Section 3) allows us to sharpen the lower estimate of δ(a) in Theo-
rems 3, 4 for small values of a. In Section 5 we obtain not only an upper bound but
also precise asymptotics of coefficients of linear forms. Finally, we prove Theorems 1–4
in Section 6.
The main results of the work were announced in the communication [Z].
The author is grateful to Professor Yu.V. Nesterenko for his permanent attention
to the work. This research was carried out with the partial support of the INTAS–
RFBR grant no. IR-97-1904.
3. Analytic construction. We fix positive odd parameters a, b, c such that c ≥ 3,
a > b(c− 1), and for each positive integer n consider the rational function
R(t) = Rn(t) :=
(
(t± (n+ 1)) · · · (t± cn))b(
t(t± 1) · · · (t± n))a · (2n)!
a+b−bc
= (−1)n ·
(
sinπt
π
)b
· Γ(±t+ cn+ 1)
bΓ(t− n)a+b
Γ(t+ n+ 1)a+b
· (2n)!a+b−bc,
(3)
where the record ‘±’ means that the product contains factors corresponding both to
a sign ‘+’ and to a ‘−’. To the function (3) assign the infinite sum
I = In :=
∞∑
t=n+1
1
(b− 1)!
db−1R(t)
dtb−1
; (4)
the series on the right-hand side of (4) converges absolutely since R(t) = O(t−2) as
t → ∞. Decomposing the function (3) in a sum of partial fractions and using its
oddness, we deduce that
I =
∑
s is odd
b<s<a+b
Asζ(s)− A0 (5)
(see (10) below), where denominators of the rational numbers As = As,n grow not
faster than exponentially (cf. [R1], lemmes 1, 5). By Dn denote the least common
multiple of numbers 1, 2, . . . , n; the prime number theorem yields
lim
n→∞
logDn
n
= 1.
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Lemma 1. For each odd integer c ≥ 3 there exists a sequence of integers Πn =
Πn,c ≥ 1, n = 1, 2, . . . , such that the numbers Π−bn Da+b−12n As,n are integral and the
limit relation
̟c := lim
n→∞
log Πn,c
n
= −
(c−1)/2∑
l=1
(
2ψ
(
2l
c− 1
)
+ 2ψ
(
2l
c
)
+
2c− 1
l
)
+ 2(c− 1)(1− γ)
(6)
holds ; here γ ≈ 0.57712 is Euler’s constant and ψ(x) is the logarithmic derivative of
the gamma-function.
Proof. Let
Πn =
∏
√
(c+1)n<p≤2n
pνp , where νp = min
k=0,±1,...,±n
{
ordp
(cn+ k)! (cn− k)!
(n+ k)!c(n− k)!c
}
.
(7)
Then for rational functions
G(t) = Gn(t) :=
(t± (n+ 1)) · · · (t± cn)(
t(t± 1) · · · (t± n))c−1 , H(t) = Hn(t) :=
(2n)!
t(t± 1) · · · (t± n)
we have the inclusions
Π−1n ·
Dj2n
j!
dj
dtj
(
G(t)(t+ k)c−1
)∣∣∣∣
t=−k
∈ Z, D
j
2n
j!
dj
dtj
(
H(t)(t+ k)
)∣∣∣∣
t=−k
∈ Z,
k = 0,±1, . . . ,±n, j = 0, 1, 2, . . .
(8)
(a proof of the inclusions (8) for the function G(t) needs a certain generalization of
the arithmetic scheme of Nikishin–Rivoal). Now, representing the initial function (3)
in the form R(t) = G(t)bH(t)a+b−bc and applying Leibniz’s rule for the differentiation
of a product, by (8) we obtain
Π−bn D
j
2nBk,j ∈ Z, where Bk,j =
1
j!
dj
dtj
(
R(t)(t+ k)a
)∣∣∣∣
t=−k
,
k = 0,±1, . . . ,±n, j = 0, 1, . . . , a− 1.
(9)
These relations yield the desired inclusions Π−bn D
a+b−1
2n As ∈ Z since
As = (−1)b−1
(
s− 1
b− 1
) n∑
k=−n
Bk,a+b−s−1, s is odd, b < s < a+ b,
A0 = (−1)b−1
n∑
k=−n
k+n∑
l=1
((
a+ b− 2
b− 1
)
Bk,0
la+b−1
+ · · ·+
(
b
b− 1
)
Bk,a−2
lb+1
+
Bk,a−1
lb
)
.
(10)
By (7), for each prime number p >
√
(c+ 1)n there holds
νp = min
|k|≤n
ϕc
(
n
p
,
k
p
)
,
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where the function ϕc(x, y) = ⌊cx + y⌋ + ⌊cx − y⌋ − c⌊x + y⌋ − c⌊x − y⌋ is periodic
(of period 1) with respect to each of its arguments, and ⌊ · ⌋ is the integral part of a
number. Direct calculations show us that
min
y∈R
ϕc(x, y) =


2l − 2 if x− ⌊x⌋ ∈
[
l − 1
c− 1 ,
l
c
)
∪
[
1
2
+
l − 1
c− 1 ,
1
2
+
l
c
)
,
2l − 1 if x− ⌊x⌋ ∈
[
l
c
,
l
c− 1
)
∪
[
1
2
+
l
c
,
1
2
+
l
c− 1
)
,
l = 1, 2, . . . ,
c− 1
2
.
Now, applying the number prime theorem and following arguments from [Ch], The-
orem 4.3 and Section 6; [H1], Lemma 3.2, we obtain the limit relation (6). This
completes the proof.
It can easily be checked that the value̟c in (6) behaves itself like 2c(1−γ)+O(log c)
as c→∞.
4. Asymptotics of linear forms. Consider the functions
cotb z =
(−1)b−1
(b− 1)!
db−1 cot z
dzb−1
, b = 1, 2, . . . .
Decomposing π cotπt in a sum of partial fractions we see that for each integer b ≥ 1
πb cotb πt =
1
(t− k)b +O(1) (11)
in a neighbourhood of t = k ∈ Z.
Lemma 2. For the value (4) there holds the integral presentation
I = − 1
2πi
∫ M+i∞
M−i∞
πb cotb πt ·R(t) dt, (12)
where M ∈ R is an arbitrary positive constant from the interval n < M < cn.
Proof. Consider the integrand in (12) on a rectangle P with vertices M ± iN ,
N + 12 ± iN , where an integer N is sufficiently large, N > cn. Expanding the func-
tion (3) in Taylor series in a neighbourhood of t = k ∈ Z and using the expansion (11)
by Cauchy’s theorem we obtain
1
2πi
∫
P
πb cotb πt ·R(t) dt =
∑
M<k≤N
Rest=k
(
πb cotb πt ·R(t)
)
=
∑
M<k≤N
R(b−1)(k)
(b− 1)! .
(13)
On the sides [N+ 1
2
−iN,N+ 1
2
+iN ], [M−iN,N+ 1
2
−iN ], and [N+ 1
2
+iN,M+iN ]
of the rectangle P there holds the relation R(t) = O(N−2), while the function cotb πt,
which is a polynomial in cot πt, is bounded. Hence, tending N to ∞ in (13) we get
the desired presentation (12).
Our next claim follows from Lemma 2 after the change of variables t = nτ and an
application of Stirling’s formula to gamma-factors of the function (3).
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Lemma 3. For the sum (4) there holds the asymptotic relation
I = I˜ · (−1)
n(2
√
πn )a+b−bc(2π)b
na−1
· (1 +O(n−1)) as n→∞,
where
I˜ = I˜n := − 1
2πi
∫
M
sinb πnτ · cotb πnτ · enf(τ) · g(τ) dτ, (14)
f(τ) = (a+ b− bc)2 log 2 + b(τ + c) log(τ + c) + b(−τ + c) log(−τ + c)
+ (a+ b)(τ − 1) log(τ − 1)− (a+ b)(τ + 1) log(τ + 1),
g(τ) =
(τ + c)b/2(−τ + c)b/2
(τ + 1)(a+b)/2(τ − 1)(a+b)/2 ,
and the contour M is a vertical line ℜ(τ) = µ, 1 < µ < c, oriented from bottom to
top.
We mean the functions f(τ) and g(τ) in the complex τ -plane cut along the rays
(−∞, 1] and [c,+∞), where we choose that branches of the logarithm functions, which
we assume to take real values for τ ∈ (1, c).
For each b ≥ 1 the function sinb z · cotb z is a polynomial in cos z with rational
coefficients:
sinb z · cotb z = Vb(cos z), Vb(−y) = (−1)bVb(y), deg Vb = max{1, b− 2};
this fact immediately follows from the relations
V1(y) = y, Vb+1(y) = yVb(y) +
1
b
(1− y2)V ′b (y), b = 1, 2, . . . .
Consequently, the integral (14) can be represented in the form
I˜ = −
b∑
k=−b
k is odd
ckJn,k, (15)
where ck = c−k are some (rational) constants satisfying c1 = 1 for b = 1, and cb = 0,
cb−2 6= 0 for b > 1;
Jn,λ =
1
2πi
∫
M
en(f(τ)−λpiiτ) · g(τ) dτ = Jn,−λ, −b ≤ λ ≤ b, (16)
and the overline means the complex conjugation. To calculate asymptotics of the
integrals (16), we apply the saddle point method exchanging the contour of integration
M : ℜ(τ) = µ by a contour Mλ, which passes through a (unique) saddle point τλ in
such a way that the integrand achieves its maximal value at τλ. Saddle points in the
domain ℜ(τ) > 0 can be determined from the equation
f ′(τ) = λπi, λ ∈ R. (17)
It follows easily that the polynomial
(τ + c)b(τ − 1)a+b − (τ − c)b(τ + 1)a+b (18)
has at least one real root on the interval (c,+∞); by µ1 denote such the root nearest
to τ = c.
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Lemma 4. Suppose the root µ1 ∈ (c,+∞) of the polynomial (18) satisfies the
condition
µ1 ≤ c+ c
2 − 1
4
·min
{
b
2(a+ b)
,
1
3c
}
. (19)
Then all solutions of equation (17) in the domain ℜ(τ) > 0 are exhausted by the
following list :
(a) the “real” solution µ1 ± i0 for λ = ±b, where a sign ‘+’ (a sign ‘−’ ) in the
record ±i0 coinsides with the sign of λ and corresponds to upper (respectively ,
lower) bank of the cut [c,+∞);
(b) a real solution µ0 ∈ (1, c) for λ = 0;
(c) a complex solution τλ ∈ (1, c) for 0 < |λ| < b; in addition, the sign of ℑ(τλ)
coinsides with the sign of λ, and τλ = τ−λ.
The set of solutions of (17) generates a smooth closed curve
ℜ(f ′(τ)) = log |τ + c|
b|τ − 1|a+b
|τ − c|b|τ + 1|a+b = 0 (20)
in the domain ℜ(τ) > 0; this curve is contained between two circles centered at τ = c of
radii (µ1−c)/2, (c−µ0)/2; there holds ℜ(f ′(τ)) > 0 inside the curve and ℜ(f ′(τ)) < 0
outside it.
Proof of the claim leans on a geometric interpretation of the function ℑ(f ′(τ))
and on a description of all solutions of (17) in the whole cut τ -plane (and not only in
the domain ℜ(τ) > 0).
With the use of Lemma 4 we choose the countour Mλ to calculate asymptotics
of Jn,λ as n → ∞ in the following way. If λ > 0 then the countour Mλ consists of
the vertical ray (µ0 − i∞, µ0], of the segment [µ0, µ0 + eiθ
√
µ20 − 1 ] passing through
the saddle point τλ, and of the horizontal ray [µ0 + e
iθ
√
µ20 − 1, eiθ
√
µ20 − 1 +∞];
in the case λ < 0 the contour Mλ is symmetric to M−λ with respect to real axis;
lastly, the contour M0 remains the vertical line (µ0 − i∞, µ0 + i∞). This choice of
the contour Mλ and an application of Laplace’s method (see, e.g., [B], § 5.7) yield
the following claim.
Lemma 5. Let λ ∈ R, |λ| ≤ b, and let τλ be the (unique) solution of equation (17)
in the domain ℜ(τ) > 0. Then there holds the asymptotic formula
|Jn,λ| = e
nℜ(f0(τλ))|g(τλ)|
(2πn|f ′′(τλ)|)1/2 ·
(
1 +O(n−1)
)
as n→∞,
where
f0(τ) := f(τ)− f ′(τ)τ = (a+ b− bc)2 log 2 + bc log(τ + c) + bc log(−τ + c)
− (a+ b) log(τ + 1)− (a+ b) log(τ − 1).
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Lemma 6. Suppose condition (19) is satisfied. Then for the linear forms (5) there
holds the limit relation
κ := lim sup
n→∞
log |In|
n
= ℜ(f0(µ)) = log 2
2(a+b−bc)|µ+ c|bc|µ− c|bc
|µ+ 1|a+b|µ− 1|a+b , (21)
where µ is a real root (i.e., µ1) of the polynomial (18) from the interval (c,+∞) for
b = 1, or a root of this polynomial in the domain ℑ(τ) > 0 with a maximal possible
part ℜ(µ) for b > 1. In the case b = 1 the limit superior in (21) can be replaced by
the ordinary one.
Proof. All solutions of (17) in the domain ℜ(τ) > 0 for odd values λ = k are
simultaneously roots of the polynomial (18). A routine test shows that condition (19)
provides the increase of the function ℜ(f0(τ)) viewed as a function of ℜ(τ) (or, equiv-
alently, as a function of λ) on the curve (20) in the domain ℜ(τ) > 0, ℑ(τ) ≥ 0; hence
only asymptotics of Jn,±1 if b = 1 and of Jn,±(b−2) if b > 1 influence on asymptotics of
the integral (15). The application of Lemmas 5 and 3 yields the desired relation (21).
5. Estimates for coefficients of linear forms. The values Bk,j, k = 0,±1,
. . . ,±n, j = 0, 1, . . . , a− 1, defined in (9) satisfy inequalities
|Bk,j| ≤
(
2(a+ bc− b)n)j · max
k=0,±1,...,±n
|Bk,0| =
(
2(a+ bc− b)n)j · (cn)!2b(2n)!a+b−bc
n!2(a+b)
.
Using relations (10) and Stirling’s formula, we then get
Lemma 7. For the coefficients As = As,n of the linear forms (5) there holds the
estimate
lim
n→∞
log |As,n|
n
≤ 2bc log c+ 2(a+ b− bc) log 2,
s = 0 or s = b+ 1, . . . , a+ b− 1 is odd.
It is not hard to prove that the integrals
1
πi
∫ iM+∞
iM−∞
(
sinπt
π
)k
R(t) dt, k = 2, 4, 6, . . . , a− 1, (22)
passing through a horizontal line ℑ(t) = M with arbitrary M > 0, are linear combi-
nations of coefficients Ab+2, . . . , Aa+b−1 of the forms (5). Therefore, an application of
asymptotics of the gamma-function in the domain ℑ(t) ≥M0 > 0 (see [B], § 6.5) and
of the saddle point method to the integrals (22) makes more precise (insignificantly)
the estimate of Lemma 7.
Lemma 8. Suppose the real root µ1 ∈ (c,+∞) of the polynomial (18) satisfies
condition (19), and let η ∈ (0,+i∞) be an imaginary root of this polynomial with a
minimal possible absolute value. Then for the coefficients As = As,n of the linear
forms (5) there holds the estimate
lim
n→∞
log |As,n|
n
≤ ℜ(f0(η)) = log 2
2(a+b−bc)|η + c|bc|η − c|bc
|η + 1|a+b|η − 1|a+b ,
s = 0 or s = b+ 1, . . . , a+ b− 1 is odd ;
moreover , in the case s = a+ b− 1 the limit superior can be replaced by the ordinary
one and the inequality becomes the equality.
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6. Proofs of main results. By Lemmas 1, 6, if −b̟c + 2(a + b − 1) + κ < 0
then there exists at least one irrational number among values of ζ(s), where s is odd
and b < s < a + b. Taking a = 19, b = 3, c = 3; a = 33, b = 5, c = 3, and
a = 47, b = 7, c = 3 respectively for the collections in (1), we deduce Theorem 1.
In Theorem 2, to each odd integer b ≥ 1 we assign a = 7b, c = 3; to conclude the
proof, it remains to note that a real root of (18) from the interval (3,+∞) coincides
with the root µ1 ≈ 3.02472 of the polynomial (τ + 3)(τ − 1)8 − (τ − 3)(τ + 1)8, and
κ + 2(a+ b− 1)− b̟c < ℜ(f0(µ1)) + 16b− b̟3 < −0.047 · b < 0.
In the case b = 1 the criterion of linear independence from [N1] in the same way
as in [R1] allows us to obtain the lower estimate for the value δ(a), i.e.,
δ(a) ≥ 1− κ(a, c) + 2a−̟c
2c log c+ 2(a− c+ 1) log 2 + 2a−̟c , (23)
where κ = κ(a, c) is defined in (21). Taking a = 145, c = 21 and a = 1971, c = 131,
by (23) we obtain the estimates δ(145) ≥ 3, δ(1971) ≥ 4; in addition, δ(3) = 2 due
to [A]. This proves both Theorem 3 and Theorem 4 for a < 24999. Further, for odd
integers a ≥ 20737 = 124 + 1 we show stronger than (2) estimate δ(a) > log12 a or,
equivalently,
δ(12m + 1) > m, m = 4, 5, 6, . . . , (24)
choosing c = 2 · ⌊a/(3m2)⌋ + 1 for each a = 12m + 1 in (23). The estimate (24)
for m = 4, 5, 6, 7 is verified by direct calculations; finally, for m ≥ 8 we use a trivial
evaluation of the right-hand side in (23). This completes the proof of Theorem 4.
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UDK 511.3
Ob irracionalьnosti znaqeni dzeta-funkcii
V.V. Zudilin
1. Vvedenie. Problema irracionalьnosti znaqeni dzeta-funkcii ζ(s)
v neqetnyh toqkah s > 3 vlets odno iz samyh pritgatelьnyh v teorii
qisel. Nesmotr na obmanqivu prostotu i bolee qem dvuhvekovu isto-
ri, poluqennye v зtom napravlenii rezulьtaty moжno peresqitatь na
palьcah. Lixь v 1978 g. Aperi [A] udalosь ustanovitь irracionalьnostь
ζ(3), predъviv posledovatelьnostь “horoxih” racionalьnyh pribliжeni
dl зtogo qisla. V dalьnexem fenomen posledovatelьnosti Aperi byl ne-
odnokratno pereosmyslen s toqki zreni razliqnyh analitiqeskih metodov
(sm. [N2] i citirovannu tam bibliografi); novye podhody pozvolili
usilitь rezulьtat Aperi koliqestvenno – poluqitь “horoxu” meru irra-
cionalьnosti qisla ζ(3) (poslednie зtapy sorevnovani v зtom napravlenii
– raboty [H2], [RV]). Nakonec, v 2000 g. Rivoalь [R1] postroil linenye
formy s racionalьnymi koзfficientami, soderжawie znaqeni ζ(s) tolьko
v neqetnyh toqkah s > 1, i dokazal, qto sredi qisel ζ(3), ζ(5), ζ(7), . . . imeet-
s beskoneqno mnogo irracionalьnyh ; bolee toqno, dl razmernosti δ(a) pro-
stranstv, natnutyh nad Q na qisla 1, ζ(3), ζ(5), . . . , ζ(a − 2), ζ(a), gde a ne-
qetno, spravedliva ocenka
δ(a) >
log a
1 + log 2
(
1 + o(1)
)
pri a→∞.
2. Osnovnye rezulьtaty. V nastowe zametke my obobwaem konstruk-
ci Rivoal [R1] i dokazyvaem sleduwie rezulьtaty.
Teorema 1. V kaжdom qislovom nabore
{ζ(5), ζ(7), ζ(9), ζ(11), ζ(13), ζ(15), ζ(17), ζ(19), ζ(21)},
{ζ(7), ζ(9), . . . , ζ(35), ζ(37)}, {ζ(9), ζ(11), . . . , ζ(51), ζ(53)} (1)
imeets po krane mere odno irracionalьnoe qislo.1
Teorema 2. Dl kaжdogo neqetnogo b > 1 sredi qisel
ζ(b+ 2), ζ(b+ 4), . . . , ζ(8b− 3), ζ(8b− 1)
imeets po krane mere odno irracionalьnoe.
1Posle zaverxeni raboty nad statьe avtoru stalo izvestno, qto Rivoalь [R3] neza-
visimo poluqil utverжdenie teoremy 1 dl pervogo iz naborov v (1), ispolьzu inoe
obobwenie konstrukcii iz [R1].
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Teorema 3. Suwestvut neqetnye a1 6 145 i a2 6 1971 takie, qto qisla
1, ζ(3), ζ(a1), ζ(a2) lineno nezavisimy nad Q.
Teorema 3 usilivaet sootvetstvuwi rezulьtat raboty [R2], gde usta-
novlena linena nezavisimostь qisel 1, ζ(3), ζ(a) dl nekotorogo neqetnogo
a 6 169.
Teorema 4. Dl kaжdogo neqetnogo a > 3 spravedliva absoltna ocenka
δ(a) > 0.395 log a >
2
3
· log a
1 + log 2
. (2)
Otmetim, qto dokazatelьstvo teorem 1–4 ispolьzuet vyqislenie asimp-
totiki s pomowь metoda perevala (p. 4) i ideno opiraets na raboty [N2],
[He]. Usoverxenstvovanie arifmetiqeskih ocenok (znamenatele qislovyh
linenyh form) v duhe [H2], [RV], privodimoe v p. 3, pozvolilo utoqnitь
ocenku snizu dl δ(a) v teoremah 3, 4 pri malyh znaqeni a. V p. 5 my po-
luqaem ne tolьko ocenku sverhu, no i toqnu asimptotiku koзfficientov
linenyh form. Nakonec, v p. 6 my dokazyvaem teoremy 1–4.
Osnovnye rezulьtaty зto raboty anonsirovany v soobwenii [Z].
Avtor iskrenne blagodaren professoru .V. Nesterenko za postonnoe
vnimanie k rabote. Nastowa rabota vypolnena pri qastiqno podderжke
fonda INTAS i Rossiskogo fonda fundamentalьnyh issledovani (grant
no. IR-97-1904).
3. Analitiqeska konstrukci. Zafiksiruem poloжitelьnye neqet-
nye parametry a, b, c, c > 3 i a > b(c − 1), i dl kaжdogo celogo poloжi-
telьnogo n rassmotrim racionalьnu funkci
R(t) = Rn(t) :=
(
(t± (n+ 1)) · · · (t± cn))b(
t(t± 1) · · · (t± n))a · (2n)!
a+b−bc
= (−1)n ·
(
sinπt
π
)b
· Γ(±t+ cn+ 1)
bΓ(t− n)a+b
Γ(t+ n+ 1)a+b
· (2n)!a+b−bc,
(3)
gde znak ‘±’ oznaqaet, qto v proizvedenii uqastvut mnoжiteli, otve-
qawie kak znaku ‘+’, tak i ‘−’. Postavim v sootvetstvie funkcii (3)
beskoneqnu summu
I = In :=
∞∑
t=n+1
1
(b− 1)!
db−1R(t)
dtb−1
; (4)
rd v pravo qasti (4) shodits absoltno, poskolьku R(t) = O(t−2) pri
t → ∞. Predstavl funkci (3) v vide summy prostexih drobe i is-
polьzu ee neqetnostь, zaklqaem, qto
I =
∑
s neqetno
b<s<a+b
Asζ(s)− A0 (5)
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(sm. (10) dalee), gde znamenateli racionalьnyh qisel As = As,n rastut ne
bystree qem зksponencialьno (sr. [R1, lemmy 1, 5]). Oboznaqim qerez Dn
naimenьxee obwee kratnoe qisel 1, 2, . . . , n; iz asimptotiqeskogo zakona
raspredeleni prostyh qisel
lim
n→∞
logDn
n
= 1.
Lemma 1. Dl kaжdogo neqetnogo c > 3 suwestvuet posledovatelьnostь
celyh Πn = Πn,c > 1, n = 1, 2, . . . , taka , qto qisla Π
−b
n D
a+b−1
2n As,n vlts
celymi i spravedlivo predelьnoe sootnoxenie
̟c := lim
n→∞
log Πn,c
n
= −
(c−1)/2∑
l=1
(
2ψ
(
2l
c− 1
)
+2ψ
(
2l
c
)
+
2c− 1
l
)
+2(c− 1)(1− γ),
(6)
gde γ ≈ 0.57712 – postonna Зlera, a ψ(x) – logarifmiqeska proizvodna
gamma-funkcii.
Dokazatelьstvo. Poloжim
Πn =
∏
√
(c+1)n<p62n
pνp , gde νp = min
k=0,±1,...,±n
{
ordp
(cn+ k)! (cn− k)!
(n+ k)!c(n− k)!c
}
. (7)
Togda dl racionalьnyh funkci
G(t) = Gn(t) :=
(t± (n+ 1)) · · · (t± cn)(
t(t± 1) · · · (t± n))c−1 , H(t) = Hn(t) :=
(2n)!
t(t± 1) · · · (t± n)
spravedlivy vklqeni
Π−1n ·
Dj2n
j!
dj
dtj
(
G(t)(t+ k)c−1
)∣∣∣∣
t=−k
∈ Z, D
j
2n
j!
dj
dtj
(
H(t)(t+ k)
)∣∣∣∣
t=−k
∈ Z,
k = 0,±1, . . . ,±n, j = 0, 1, 2, . . .
(8)
(dokazatelьstvo vklqeni (8) dl funkcii G(t) ispolьzuet obobwenie ari-
fmetiqesko shemy Nikixina–Rivoal). Zapisyva ishodnu funkci (3)
v vide R(t) = G(t)bH(t)a+b−bc i primen pravilo Lebnica dl differen-
cirovani proizvedeni, soglasno vklqenim (8) poluqaem
Π−bn D
j
2nBk,j ∈ Z, gde Bk,j =
1
j!
dj
dtj
(
R(t)(t+ k)a
)∣∣∣∣
t=−k
,
k = 0,±1, . . . ,±n, j = 0, 1, . . . , a− 1.
(9)
Зto daet trebuemye vklqeni Π−bn D
a+b−1
2n As ∈ Z, tak kak
As = (−1)b−1
(
s− 1
b− 1
) n∑
k=−n
Bk,a+b−s−1, s neqetno, b < s < a+ b,
A0 = (−1)b−1
n∑
k=−n
k+n∑
l=1
((
a+ b− 2
b− 1
)
Bk,0
la+b−1
+ · · ·+
(
b
b− 1
)
Bk,a−2
lb+1
+
Bk,a−1
lb
)
.
(10)
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Dl kaжdogo prostogo p >
√
(c+ 1)n soglasno (7) vypolneno
νp = min
|k|6n
ϕc
(
n
p
,
k
p
)
,
gde funkci ϕc(x, y) = ⌊cx + y⌋ + ⌊cx − y⌋ − c⌊x + y⌋ − c⌊x − y⌋ periodiqna
(s periodom 1) po kaжdomu argumentu, ⌊ · ⌋ – cela qastь qisla. Proverka
pokazyvaet, qto
min
y∈R
ϕc(x, y) =


2l − 2, esli x− ⌊x⌋ ∈
[
l − 1
c− 1 ,
l
c
)
∪
[
1
2
+
l − 1
c− 1 ,
1
2
+
l
c
)
,
2l − 1, esli x− ⌊x⌋ ∈
[
l
c
,
l
c− 1
)
∪
[
1
2
+
l
c
,
1
2
+
l
c− 1
)
,
l = 1, 2, . . . ,
c− 1
2
;
otsda s pomowь asimptotiqeskogo zakona raspredeleni prostyh qisel
i rassuжdeni iz [Ch, teorema 4.3 i § 6], [H1, lemma 3.2] poluqaem pre-
delьnoe sootnoxenie (6). Lemma dokazana.
Nesloжno ubeditьs v tom, qto veliqina ̟c v (6) pri c → ∞ imeet
pordok 2c(1− γ) +O(log c).
4. Asimptotika linenyh form. Opredelim funkcii
ctgb z =
(−1)b−1
(b− 1)!
db−1 ctg z
dzb−1
, b = 1, 2, . . . .
Razloжenie π ctg πt v summu prostexih drobe pokazyvaet, qto dl lbogo
celogo b > 1 v okrestnosti toqki t = k ∈ Z spravedlivo predstavlenie
πb ctgb πt =
1
(t− k)b +O(1). (11)
Lemma 2. Dl veliqiny (4) spravedlivo integralьnoe predstavlenie
I = − 1
2πi
∫ M+i∞
M−i∞
πb ctgb πt ·R(t) dt, (12)
gde M ∈ R – proizvolьna postonna iz intervala n < M < cn.
Dokazatelьstvo. Rassmotrim podyntegralьnu funkci v (12) na kon-
ture prmougolьnika P s verxinami M ± iN , N + 12 ± iN , gde celoe qislo N
dostatoqno veliko, N > cn. Raskladyva funkci (3) v rd Telora v ok-
restnosti t = k ∈ Z i polьzusь predstavleniem (11), soglasno integralьno
teoreme Koxi poluqaem
1
2πi
∫
P
πb ctgb πt ·R(t) dt =
∑
M<k6N
Rest=k
(
πb ctgb πt ·R(t)
)
=
∑
M<k6N
R(b−1)(k)
(b− 1)! .
(13)
Na storonah [N+ 12 − iN,N+ 12 + iN ], [M− iN,N+ 12 − iN ] i [N+ 12 + iN,M+ iN ]
prmougolьnika P vypolneno R(t) = O(N−2) i funkci ctgb πt, vlwas
mnogoqlenom ot ctg πt, ograniqena. Poзtomu predelьny perehod N → ∞
v (13) privodit k (12).
Sleduwee utverжdenie poluqaets iz lemmy 2 posle zameny t = nτ i
primeneni k gamma-mnoжitelm funkcii (3) formuly Stirlinga.
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Lemma 3. Pri n→∞ dl summy (4) vypolneno
I = I˜ · (−1)
n(2
√
πn )a+b−bc(2π)b
na−1
· (1 +O(n−1)),
gde
I˜ = I˜n := − 1
2πi
∫
M
sinb πnτ · ctgb πnτ · enf(τ) · g(τ) dτ, (14)
f(τ) = (a+ b− bc)2 log 2 + b(τ + c) log(τ + c) + b(−τ + c) log(−τ + c)
+ (a+ b)(τ − 1) log(τ − 1)− (a+ b)(τ + 1) log(τ + 1),
g(τ) =
(τ + c)b/2(−τ + c)b/2
(τ + 1)(a+b)/2(τ − 1)(a+b)/2 ,
a kontur M – vertikalьna prma Re τ = µ, 1 < µ < c, prohodima snizu
vverh.
My rassmatrivaem funkcii f(τ) i g(τ) v τ -ploskosti s razrezami vdolь
luqe (−∞, 1] i [c,+∞), fiksiru vetvi logarifmov, prinimawie destvi-
telьnye znaqeni na intervale (1, c) vewestvenno osi.
Dl kaжdogo b > 1 funkci sinb z · ctgb z vlets mnogoqlenom ot cos z s
racionalьnymi koзfficientami:
sinb z · ctgb z = Vb(cos z), Vb(−y) = (−1)bVb(y), deg Vb = max{1, b− 2};
зtot fakt sleduet iz sootnoxeni
V1(y) = y, Vb+1(y) = yVb(y) +
1
b
(1− y2)V ′b (y), b = 1, 2, . . . .
Poзtomu integral (14) moжno predstavitь v vide
I˜ = −
b∑
k=−b
k neqetno
ckJn,k, (15)
gde ck = c−k – nekotorye (racionalьnye) postonnye, priqem c1 = 1 dl
b = 1 i cb = 0, cb−2 6= 0 dl b > 1,
Jn,λ =
1
2πi
∫
M
en(f(τ)−λpiiτ) · g(τ) dτ = Jn,−λ, −b 6 λ 6 b, (16)
qerta sverhu oznaqaet kompleksnoe soprжenie. Dl vyqisleni asimp-
totiki integralov (16) my vospolьzuems metodom perevala, zamen kontur
integrirovani M : Re τ = µ na kontur Mλ, prohodwi qerez (edinstven-
nu) toqku perevala τλ, v kotoro podyntegralьna funkci prinimaet
maksimalьnoe znaqenie. Toqki perevala v oblasti Re τ > 0 udovletvort
uravneni
f ′(τ) = λπi, λ ∈ R. (17)
Kak nesloжno zametitь, mnogoqlen
(τ + c)b(τ − 1)a+b − (τ − c)b(τ + 1)a+b (18)
imeet po krane mere odin vewestvenny korenь na intervale (c,+∞);
oboznaqim qerez µ1 bliжaxi iz зtih korne k toqke τ = c.
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Lemma 4. Pustь korenь µ1 ∈ (c,+∞) mnogoqlena (18) udovletvoret ne-
ravenstvu
µ1 6 c+
c2 − 1
4
·min
{
b
2(a+ b)
,
1
3c
}
. (19)
Togda v oblasti Re τ > 0 vse rexeni uravneni (17) isqerpyvats sle-
duwim spiskom:
a) “vewestvennoe” rexenie µ1 ± i0 dl λ = ±b, gde znak ‘+’ (znak ‘−’ )
v zapisi ±i0 sovpadaet so zna´kom λ i otveqaet verhnemu (niжnemu)
beregu razreza [c,+∞);
b) vewestvennoe rexenie µ0 ∈ (1, c) dl λ = 0;
v) kompleksnoe rexenie τλ ∈ (1, c) dl 0 < |λ| < b, pri зtom znak Im τλ
sovpadaet so zna´kom λ i τλ = τ−λ.
Mnoжestvo rexeni uravneni (17) obrazut v poluploskosti Re τ > 0 glad-
ku zamknutu krivu
Re f ′(τ) = log
|τ + c|b|τ − 1|a+b
|τ − c|b|τ + 1|a+b = 0, (20)
zaklqennu vnutri okruжnoste s centrom v toqke τ = c i radiusami
(µ1 − c)/2, (c− µ0)/2; vnutri зto krivo Re f ′(τ) > 0 i vne ee Re f ′(τ) < 0.
Dokazatelьstvo зtogo utverжdeni opiraets na geometriqesku in-
terpretaci funkcii Im f ′(τ) i opisanie rexeni uravneni (17) vo vse
τ -ploskosti (a ne tolьko v oblasti Re τ > 0).
S pomowь lemmy 4 dl vyqisleni asimptotiki Jn,λ pri n → ∞ my
vybiraem kontur Mλ, sostowi v sluqae λ > 0 iz vertikalьnogo luqa
(µ0−i∞, µ0], otrezka [µ0, µ0+eiθ
√
µ20 − 1 ], prohodwego qerez toqku perevala
τλ, i gorizontalьnogo luqa [µ0 + eiθ
√
µ20 − 1, eiθ
√
µ20 − 1 +∞]; v sluqae λ < 0
kontur Mλ simmetriqen M−λ otnositelьno vewestvenno osi; nakonec,
kontur M0 estь vertikalьna prma (µ0 − i∞, µ0 + i∞). Tako vybor kon-
tura Mλ i primenenie metoda Laplasa (sm., naprimer, [B, § 5.7]) privodit
k sleduwemu utverжdeni.
Lemma 5. Pustь λ ∈ R, |λ| 6 b, i τλ – (edinstvennoe) rexenie urav-
neni (17) v oblasti Re τ > 0. Togda pri n→∞ spravedliva asimptotiqeska
formula
|Jn,λ| = e
nRe f0(τλ)|g(τλ)|
(2πn|f ′′(τλ)|)1/2 ·
(
1 +O(n−1)
)
,
gde
f0(τ) := f(τ)− f ′(τ)τ = (a+ b− bc)2 log 2 + bc log(τ + c) + bc log(−τ + c)
− (a+ b) log(τ + 1)− (a+ b) log(τ − 1).
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Lemma 6. Pustь vypolneno uslovie (19). Togda dl linenyh form (5)
spravedlivo predelьnoe sootnoxenie
κ := lim
n→∞
log |In|
n
= Re f0(µ) = log
22(a+b−bc)|µ+ c|bc|µ− c|bc
|µ+ 1|a+b|µ− 1|a+b , (21)
gde µ – vewestvenny korenь µ1 mnogoqlena (18) iz intervala (c,+∞) v sluqae
b = 1 i korenь зtogo mnogoqlena v oblasti Im τ > 0 s maksimalьno vozmoжno
qastь Reµ v sluqae b > 1. Dl b = 1 verhni predel v (21) moжno zamenitь
na obyqny.
Dokazatelьstvo. Vse rexeni uravneni (17) v oblasti Re τ > 0 dl
neqetnyh λ = k odnovremenno vlts kornmi mnogoqlena (18). Rutinna
proverka pokazyvaet, qto uslovie (19) obespeqivaet vozrastanie funkcii
Re f0(τ) kak funkcii ot Re τ (ili, qto to жe samoe, ot λ) na krivo (20) v
oblasti Re τ > 0, Im τ > 0; poзtomu na asimptotiku integrala (15) vlit
tolьko Jn,±1 v sluqae b = 1 i Jn,±(b−2) v sluqae b > 1. Primenenie lemm 5
i 3 privodit k trebuemomu sootnoxeni (21).
5. Ocenki koзfficientov linenyh form. Dl veliqin Bk,j, k = 0,±1,
. . . ,±n, j = 0, 1, . . . , a− 1, opredelennyh v (9), spravedlivy ocenki
|Bk,j| 6
(
2(a+ bc− b)n)j · max
k=0,±1,...,±n
|Bk,0| =
(
2(a+ bc− b)n)j · (cn)!2b(2n)!a+b−bc
n!2(a+b)
.
Polьzusь sootnoxenimi (10) i formulo Stirlinga, poluqaem sleduwee
utverжdenie.
Lemma 7. Dl koзfficientov As = As,n linenyh form (5) spravedliva
ocenka
lim
n→∞
log |As,n|
n
6 2bc log c+ 2(a+ b− bc) log 2,
s = 0 ili s = b+ 1, . . . , a+ b− 1 neqetno.
Kak nesloжno pokazatь, integraly
1
πi
∫ iM+∞
iM−∞
(
sinπt
π
)k
R(t) dt, k = 2, 4, 6, . . . , a− 1, (22)
vdolь gorizontalьno prmo Im t = M , gde M > 0 proizvolьno, vlts
linenymi kombinacimi koзfficientov Ab+2, . . . , Aa+b−1 form (5). Poзto-
mu primenenie asimptotiki gamma-funkcii v oblasti Im t > M0 > 0 (sm. [B,
§ 6.5]) i metoda perevala k integralam (22) utoqnet (neznaqitelьno) ocenku
lemmy 7.
Lemma 8. Pustь vewestvenny korenь µ1 ∈ (c,+∞) mnogoqlena (18) udov-
letvoret uslovi (19) i η ∈ (0,+i∞) – minimalьny po absoltno veliqine
mnimy korenь зtogo mnogoqlena. Togda dl koзfficientov As = As,n line-
nyh form (5) spravedliva ocenka
lim
n→∞
log |As,n|
n
6 Re f0(η) = log
22(a+b−bc)|η + c|bc|η − c|bc
|η + 1|a+b|η − 1|a+b ,
s = 0 ili s = b+ 1, . . . , a+ b− 1 neqetno,
priqem v sluqae s = a + b − 1 verhni predel moжno zamenitь na obyqny i
neravenstvo prevrawaets v ravenstvo.
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6. Dokazatelьstvo osnovnyh rezulьtatov. Soglasno lemmam 1, 6 v slu-
qae −b̟c+2(a+ b− 1)+κ < 0 sredi qisel ζ(s), gde s neqetno i b < s < a+ b,
imeets po krane mere odno irracionalьnoe. Vybira a = 19, b = 3,
c = 3; a = 33, b = 5, c = 3 i a = 47, b = 7, c = 3 sootvetstvenno dl kaжdogo iz
naborov v (1), poluqaem teoremu 1. V teoreme 2 dl kaжdogo neqetnogo b > 1
polagaem a = 7b, c = 3; pri зtom korenь mnogoqlena (18) na intervale (3,+∞)
sovpadaet s kornem µ1 ≈ 3.02472 mnogoqlena (τ + 3)(τ − 1)8 − (τ − 3)(τ + 1)8 i
κ + 2(a+ b− 1)− b̟c < Re f0(µ1) + 16b− b̟3 < −0.047 · b < 0.
V sluqae b = 1 kriteri lineno nezavisimosti iz [N1] tak жe, kak i
v [R1], pozvolet ocenitь veliqinu δ(a) snizu:
δ(a) > 1− κ(a, c) + 2a−̟c
2c log c+ 2(a− c+ 1) log 2 + 2a−̟c , (23)
gde veliqina κ = κ(a, c) zadaets sootnoxeniem (21). Polaga a = 145, c = 21
i a = 1971, c = 131, soglasno (23) poluqaem ocenki δ(145) > 3, δ(1971) > 4;
krome togo, δ(3) = 2 vvidu [A]. Зto dokazyvaet kak teoremu 3, tak i teoremu 4
dl a < 24999. Dl neqetnyh a > 20737 = 124 + 1 my dokazyvaem bolee
silьnu, qem (2), ocenku δ(a) > log12 a ili, qto to жe samoe,
δ(12m + 1) > m, m = 4, 5, 6, . . . , (24)
vybira c = 2 · ⌊a/(3m2)⌋+1 dl kaжdogo a = 12m+1 v (23). Pri m = 4, 5, 6, 7
ocenka (24) proverets neposredstvenno; pri m > 8 my polьzuems trivi-
alьno ocenko pravo qasti v (23). Зto zaverxaet dokazatelьstvo teo-
remy 4.
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